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Thermal effect on equivalent spring constants of
double-clamped beams with different mass arrangements
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(1. State Key Laboratory of Precision Measurement Technology and Instruments ,Department o f

Precision Instruments and Mechanology , Tsinghua University, Beijing 100084, China)

Abstract: Thermal effect on the equivalent spring constants of double-clamped beams (bridges) with
two kinds of mass arrangements including central mass and side mass were studied by theoretical anal-
ysis and finite element simulation. An equation to describe the change of the equivalent spring con-
stants of beams due to temperature variation was derived and the equivalent spring constants from
simulation results of the fundamental vibration frequency and the displacement under a static load
were obtained respectively by the finite element analysis. Results show that the temperature variation
has an important effect on the equivalent spring constants. For the fundamental vibration frequency,
there are a good agreement between the derived equation and the vibration simulation results for the
both structures. For the displacement under a static load, the asymmetry in mass arrangement results
in the bending of the beam when temperature shifts,and the bending causes a displacement of the mass

to the side. As a result, the asymmetric arrangement of mass changes the initial displacement of mass
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when temperature varies, which would cause the changes of output signals for Micro Electro Mechanic

System (MEMS) sensors or actuators.
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1 Introduction

A structure of two clamped beams supporting a
mass is often used for micro inertial sensors
(such as accelerometers and gyroscopes), re-
sonators and other micro actuators’. Quad-
beam structures, another structures usually
found in MEMS!, can be also seemed as doub-
le-clamped beam-mass structures. If the loading
of a beam-mass structure is in the z-direction,
the displacement of the mass is piston-like be-
cause of the symmetry of the structure in the x-
and y-direction. Moreover, a double-clamped
beam will endure thermal stress when tempera-

ture changest™.

When the temperature rises up,
the beam becomes loose, while the drop of tem-
perature will stiffen the beam. If the beam is
considered as a spring, the thermal stress can af-
fect the equivalent spring constant and even
make the beam buckling""!. Therefore the sensi-
tivities of the sensors with bridge-mass struc-
tures will change when temperature varies. In
most of the cases with MEMS structures, beam-
mass configurations with side mass are em-
ployed, partly for the fabricating convenience.
But this configuration is asymmetric in z-direc-
tion, which may introduce thermal deformation.

In this paper we present a detailed analysis of
the thermal effect on the equivalent spring con-
stant of double clamped beam-mass structures
with two different arrangement of mass, inclu-
ding structures with central mass and side mass.
Firstly, an equation describing the equivalent
spring constant at different temperature is de-
duced. Secondly, finite element analysis is con-

ducted to get the equivalent spring constant

through vibration frequency and static displace-
ment under inertial loads for verifying the theo-
retical equation. Then we compare the variation
of equivalent spring constant between the two
structures and discuss the cause inducing the

difference of equivalent spring constants.

2 Theory

For a double clamped beam with an axial force,
considering the vibration of small amplitude, the
fundamental vibration frequency of the beam can

be written as follows™ .

0.294 9NL*

2EI , @D)

SN) = f(O) -\/lJr

where f(N) is the frequency with the axial force
N, f(0) is the fundamental vibration frequency
without axial force, L is the beam length, E is
the Young’s modulus of the beam, and I is the
moment of inertia of the beam cross section. If
the beam is considered as a spring, according to
the vibration theory, the spring constant is:
k=d4x*mf*, (2)
where £ is the equivalent spring constant, m is
the equivalent mass, f is the fundamental vibra-
tion frequency.
For a double-clamped beam with a mass as

shown in Fig. 1 or Fig. 2, since the mass is much
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Fig.1 Beanrmass structure with a central mass (structure 1)
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Fig.2 Beamrmass structure with a side mass (structure 2)

wider and/or thicker than the beam so that the
bending of the mass can be negligible. And the
equation (2) can also be applicable for these
structures while m represents the equivalent
mass of the structures. The & can also be calcu-
lated from the displacement under loading by:

_AF

kiAz

, 3

where AF is loading in z-direction, Az is the dis-
placement of the mass in z-direction.

In this work, small temperature range is con-
sidered, so we assume that the Young’s modu-
lus is not change with temperature. If tempera-
ture changes AT, the axial force N induced by
thermal stress is given by N=FEAqAT, where A
is the area of the beam cross section, « is the co-
efficient of thermal expansion. For structures
shown in Fig. 1 or Fig. 2, the axial force applied
to the beam includes two parts, the axial forces
induced by the beam and the mass respectively.
So the total axial force applied on the beam can
be approximately given by:

Nl =Niean T N = (Eean T Ess) * A e o AT, (4)

We define 3 as the coefficient of the equivalent
spring constant by:

_k(ND

where £ (N) is the spring constant with axial
force N, £(0) is the spring constant without axi-
al force. From equations (1), (4) and (5), we

have the equation:

e (AT)
‘8<AT)_ kbuam(o)
lJrO. 294 9(Epm T Epus VAa « AT « L? . (6)
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3 Simulation and discussion

Consider two double-clamped beam-mass silicon
structures shown in Fig. 1 and Fig. 2. The only
difference between the two structures is that the
mass of the structure 2 is placed on top of the
beam while the mass of the structure 1 is sym-
metric in the z-direction. The thickness and the
width of the masses are much larger than those
of the beams, so the bending of the masses can
be negligible. Nastran software was used to sim-
ulate the normal mode and static displacements.
The finite element models using 3D Hexa ele-
ments are shown in Fig. 3. The reference tem-
perature in this simulation is set as 20 C, at
which it is assumed that there is no thermal
stress. Firstly, we use Nastran to get the fre-
quency of the structure’s up-and-down vibration
mode at different temperature, and the equiva-
lent spring constant £ can be calculated using the
equation (2). Then we get B from the equation
(5). Secondly, we simulated the displacement of
the structures under an inertial load of 10 times
of gravity when changing the structure’s tem-
perature, and get the displacement of one point
at the center of the interface between the beam
and the mass. Then & can be got from the equa-

tion (3) and g is calculated by the equation (5).

hg. 3 Three dimensional FEM models of the structures
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Fig. 4 p changes with temperatures (structure 1)

Fig. 4 and Fig. 5 show g changing with tem-
perature for structure 1 and structure 2 respec-
tively. From Fig. 4, we find that the g got from
the frequency is consistent with Eq. (6), and the
B from the displacement is close to Eq. (6) with
relative error less than 2% in the considered
temperature range (:=15~25 C). This shows
that the theory is accurate to predict the varia-
tion of equivalent spring constant due to the
changing of temperature for structure 1. In
Fig. 5,the g got from the displacement of struc-
ture 2 increases with temperature rising, which
is very different from the g from the frequency
and Eq. (6). To find the cause of the difference,
additional simulations were conducted to get the
displacement of the mass with the temperature
variation without loading and the x-component
stress distribution at the beam ends interfaced
with mass. The displacement contours of the
two structures at 25 C are shown in Fig. 6. Itis

found that the beam of structure 2 is bending
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Fig. 5 f changes with temperatures(structure 2)

up, while the beam of structure 1 remains flat.
Fig. 7 illustrates x-component stress distribu-
tions at the beam end interfaced with mass. The
x-component stress distribution of structure 1 is
symmetric in the z-direction, so there is no ben-
ding moment. The asymmetric stress distribu-
tion of structure 2 in the z-direction leads ben-
ding moment. Fig. 8 shows the displacements of
mass induced by temperature variation and iner-
tial load respectively as well as the total dis-
placements. In Fig. 8, the red circles represent
total displacement under inertial load while tem-
perature changes, and the blue squares show the
displacement without load when temperature
shifts. By removing the displacement induced by
asymmetric mass-arrangement from the total
displacement, we obtained the modified displace-
ment only induced by inertial load (shown by
black triangles in Fig. 8). Then g from the modi-
fied displacement is close to Eq. (6) with relative

error less than 2.5% , as shown in Fig. 5.

Structure 2

Structure 1

Fig. 6 Schematic graph of displacement contour (no

mechanical loads, t=25 C)
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Fig. 7 X-component stress distributions at beam end

interfaced with mass (no mechanical loads, ¢

=25 C)
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Fig. 8 Displacements changes with temperatures un-

der different loads (structure 2)

The analysis results show that the mass ar-
rangement can affect the equivalent spring con-
stant. If the mass is arranged symmetric in z-di-
rection, Eq. (6) can precisely depict the change
of beam’s equivalent spring constant due to the
temperature variation. When the mass is placed
on side (top or bottom) of the beam, the asym-
metric arrangement in z-direction brings a ther-
mal bending of the beams and causes a thermal

displacement of mass to the side at which the
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